The B-factories and Large Hadron Collider experiments have demonstrated the ability to observe and measure the properties of bottomonium mesons. In order to discover missing states it is useful to know their properties to develop a successful search strategy. To this end we calculate the masses and decay properties of excited bottomonium states. We use the relativized quark model to calculate the masses and wavefunctions and the 3 P0 quark-pair creation model to calculate decay widths to open bottom. We also summarize results for radiative transitions, annihilation decays, hadronic transitions and production cross sections which are used to develop strategies to find these states. We find that the bb system has a rich spectroscopy that we expect to be substantially extended by the LHC and e + e − experiments in the near future. Some of the most promising possibilities at the LHC are observing the χ b(1,2) (3P ), χ b(1,2) (4P ) and η b (3S 
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I. INTRODUCTION
The Large Hadron Collider experiments have demonstrated that they can discover some of the missing bottomonium states. In fact, the first new particle discovered at the LHC was a 3P bottomonium state [1, 2] . The Belle II experiment at SuperKEKB will also offer the possibility of studying excited bottomonium states [3] . At the same time, lattice QCD calculations of bottomonium properties have advanced considerably in recent years [4] [5] [6] [7] so it is important to expand our experimental knowledge of bottomonium states to test these calculations. With this motivation, we calculate properties of bottomonium mesons to suggest experimental strategies to observe missing states. The observation of these states is a crucial test of lattice QCD calculations and will also test the various models of hadron properties. Some recent reviews of bottomonium spectroscopy are Ref. [8] [9] [10] .
We use the relativized quark model to calculate the masses and wavefunctions [11] . The mass predictions for this model are given in Section II. The wavefunctions are used to calculate radiative transitions between states, annihilation decays and as input for estimating hadronic transitions as described in Sections III-V respectively. The strong decay widths to open bottom are described in Section VI and are calculated using the 3 P 0 model [12, 13] with simple harmonic oscillator (SHO) wavefunctions with the oscillator parameters, β, found by fitting * Email: godfrey@physics.carleton.ca the SHO wavefunction rms radii to those of the corresponding relativized quark model wavefunctions. This approach has proven to be a useful phenomenological tool for calculating hadron properties which has helped to understand the observed spectra [14] [15] [16] [17] [18] . Additional details of the 3 P 0 model are given in the appendix, primarily so that the various conventions are written down explicitly so that the interested reader is able to reproduce our results.
We combine our results for the various decay modes to produce branching ratios (BR) for each of the bottomonium states we study. The purpose of this paper is to suggest strategies to find some of the missing bottomonium states in pp collisions at the LHC and in e + e − collisions at SuperKEKB. The final missing input is an estimate of production rates for bottomonium states in pp and e + e − collisions. This is described in Section VII. We combine the cross sections with the expected integrated luminosities and various BR's to estimate the number of events expected for the production of bottomonium states with decays to various final states. This is the main result of the paper, to identify which of the missing bottomonium states are most likely to be observed and the most promising signal to find them. However, there are many experimental issues that could alter our conclusions so we hope that the interested reader can use the information in this paper as a starting point to study other potentially useful experimental signatures that we might have missed. In the final section we summarize the most promising signatures.
II. SPECTROSCOPY
We calculate the bottomonium mass spectrum using the relativized quark model [11] . This model assumes a relativistic kinetic energy term and the potential incorporates a Lorentz vector one-gluon-exchange interaction with a QCD motivated running coupling constant, α s (r), and a Lorentz scalar linear confining interaction. The details of this model, including the parameters, can be found in Ref. [11] (see also Ref. [19] [20] [21] [22] ). This is typical of most such models which are based on some variant of the Coulomb plus linear potential expected from QCD and often include some relativistic effects. The relativized quark model has been reasonably successful in describing most known mesons and is a useful template against which to identify newly found states. However in recent years, starting with the discovery of the D sJ (2317) [23] [24] [25] and X(3872) states [26] , an increasing number of states have been observed that do not fit into this picture [27] [28] [29] [30] pointing to the need to include physics which has hitherto been neglected such as coupled channel effects [31] . As a consequence of neglecting coupled channel effects and the crudeness of the relativization procedure we do not expect the mass predictions to be accurate to better than ∼ 10 − 20 MeV.
The bottomonium mass predictions for this model are shown in Fig. 1 . These are also listed in Tables I-II along with known experimental masses and the effective SHO wavefunction parameters, β. These, along with the masses and effective β's for the B meson states, listed in Table III , are used in the calculations of the open bottom strong decay widths as described in Sec. VI. We note that the 1 1 P 1 and 1 3 P 1 B meson states mix to form the physical 1P 1 and 1P 1 states, as defined in Table III , with a singlet-triplet mixing angle of θ 1P = −30.3
• for bq ordering.
If available, the experimental masses are used as input in our calculations rather than the predicted masses. When the mass of only one meson in a multiplet has been measured, we shift our input masses for the remaining states using the measured mass and the predicted splittings. Specifically, to obtain the η b (n 1 S 0 ) masses (for n = 3, 4, 5, 6) we subtracted the predicted n 3 S 1 − n 1 S 0 splitting from the measured Υ(n 3 S 1 ) mass [32] . For the χ b (3P ) states, we calculated the predicted mass differences with respect to the χ b1 (3 3 P 1 ) state and subtracted them from the observed χ b1 (3 3 P 1 ) mass recently measured by LHCb [33] . We used a similar procedure for the Υ(1D) mesons [32] as well as for the currently unobserved 1P B mesons [32] listed in Table III .
III. RADIATIVE TRANSITIONS
Radiative transitions of excited bottomonium states are of interest for a number of reasons. First, they probe the internal structure of the states and provide a strong test of the predictions of the various models. Moreover, Bottomonium Mass Spectrum
FIG. 1:
The bb mass spectrum as predicted by the relativized quark model [11] .
for the purposes of this paper they provide a means of accessing bb states with different quantum numbers. Observation of the photons emitted in radiative transitions between different bb states was in fact how the 3P bb state was observed by the ATLAS collaboration [1, 2] and subsequently by LHCb [33, 34] . E1 radiative partial widths of bottomonium are typically O(1 − 10) keV so can represent a significant BR for bb states that are relatively narrow. As we will see, a large number of bb states fall into this category. With the high statistics available at the LHC it should be possible to observe some of the missing bb states with a well constrained search strategy. Likewise, SuperKEKB can provide large event samples of the Υ(3S) and Υ(4S) and possibly the Υ(5S) and Υ(6S) which could be used to identify radially excited P and D-wave and other high L states. e + e − collisions at SuperKEKB could also produce the Υ(1 3 D 1 ) and Υ(2 3 D 1 ) directly which could be observed by Belle II in decay chains involving radiative transitions.
We calculate the E1 radiative partial widths using [35] 
= 4αe
where the angular momentum matrix element is given by
and { ··· ··· } is a 6-j symbol, e b = −1/3 is the b-quark charge in units of |e|, α is the fine-structure constant, k γ is the photon energy and ψ f |r|ψ i is the transition matrix element from the initial state ψ i to the final state ψ f . For these initial and final states, we use the relativized quark model wavefunctions [11] . The E1 radiative widths are given in Tables IV-XXIII along with the matrix elements so that the interested reader can reproduce our results. The initial and final state masses are also listed in these tables where Particle Data Group (PDG) [32] masses are used when the masses are known. For unobserved states the masses are taken from the predicted values in Tables I-II except when a member of a multiplet has been observed. In this latter case the mass used was obtained using the procedure described in Section II. 
An interesting observation is that the E1 transitions 3S → 1P are highly suppressed relative to other E1 transitions [36] (see Ref. [10] for a detailed discussion). Grant and Rosner [37] showed this to be a general property of E1 transitions, that E1 transitions between states that differ by 2 radial nodes are highly suppressed relative to the dominant E1 transitions and are in fact zero for the 3-dimensional harmonic oscillator. As a consequence, these radiative transitions are particularly sensitive to relativistic corrections [10] . We found that this pattern was also apparent for similar transitions of the type |n, l → |n − 2, l ± 1 such as 5S → 3P , 3P → 1D, 4P → 2S, 4D → 2P , 3D → 1F etc.
M1 transition rates are typically weaker than E1 rates. Nevertheless they have been useful in observing spinsinglet states that are difficult to observe in other ways [38, 39] . The M1 radiative partial widths are evaluated using [40] 
where j 0 (x) is the spherical Bessel function and the other factors have been defined above. As with the E1 transitions, we use the relativized quark model wavefunctions [11] for the initial and final states. The partial widths and branching ratios for the M1 radiative transitions are listed in Tables IV-XXIII as appro- priate. For comparison, other calculations of bb radiative transitions can be found in Ref. [35, [41] [42] [43] [44] [45] IV. ANNIHILATION DECAYS Annihilation decays into gluons and light quarks make significant contributions to the total widths of some bb resonances. In addition, annihilation decays into leptons or photons can be useful for the production and identification of some bottomonium states. For example, the vector mesons are produced in e + e − collisions through their couplings to e + e − . Annihilation decay rates have been studied extensively using perturbative QCD (pQCD) methods [40, [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . The relevant formulas for S-and P -wave states including first-order QCD corrections (when they are known) are summarized in Ref. [52] . Expressions for D-and F -wave decays are given in Refs. [55, 56] and Refs. [54, 57] respectively. The expression for 3 D 1 → e + e − including the QCD correction comes from Ref. [58] . Ackleh, Barnes and Close [53] give a general expression for singlet decays to two gluons. A general property of annihilation decays is that the decay amplitude for a state with orbital angular momentum l goes like
where R (l) is the l-th derivative of the radial wavefunction. R (l) is typically O(1) so for bottom quark masses the magnitude of the annihilation decay widths decreases rapidly as the orbital angular momentum of the bottomonium state increases. Expressions for the decay widths including first-order QCD corrections when known are summarized in Table XXIV . To obtain our numerical results for these partial widths we take the number of light quarks to be n f = 4, assumed m b = 4.977 GeV, α s ≈ 0.18 (with some weak mass dependence), and used the wavefunctions found using the model of Ref. [11] as described in Section II.
Considerable uncertainties arise in these expressions from the model-dependence of the wavefunctions and possible relativistic and QCD radiative corrections (see for example the discussion in Ref. [11] ). One example is that the logarithm evident in some of these formulas is evaluated at a rather arbitrarily chosen scale, and that the pQCD radiative corrections to these processes are often found to be large, but are prescription dependent and so are numerically unreliable. As a consequence, these formulas should be regarded as estimates of the partial widths for these annihilation processes rather than precise predictions. The numerical results for partial widths for the annihilation processes are included in Tables IV-XXII. 
V. HADRONIC TRANSITIONS
Hadronic transitions between quarkonium levels are needed to estimate branching ratios and potentially offer useful signatures for some missing bottomonium states. There have been numerous theoretical estimates of hadronic transitions over the years [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] . In some cases the estimates disagree by orders of magnitude [63] . Hadronic transitions are typically described as a two-step process in which the gluons are first emitted from the heavy quarks and then recombine into light quarks. A multipole expansion of the colour gauge field is employed to describe the emission process where the intermediate colour octet quarkonium state is typically modeled by some sort of quarkonium hybrid wavefunction [60, 72] . An uncertainty in predictions arises from how the rehadronization step is estimated. To some extent this latter uncertainty can be reduced by employing the multipole expansion of the colour gauge fields developed by Yan and collaborators [59] [60] [61] [62] together with the WignerEckart theorem to estimate the E1-E1 transition rates [59] . In addition to E1-E1 transitions such as 3 S 1 → 3 S 1 ππ, there will be other transitions such as 3 S 1 → 3 S 1 + η, which goes via M1-M1 & E1-M2 multipoles and spin-flip transitions such as 3 S 1 → 1 P 1 ππ, which goes via E1-M1 [60] . These transitions are suppressed by inverse powers of the quark masses and are expected to be small compared to the E1-E1 and electromagnetic transitions. As a consequence, we will neglect them in our estimates of branching ratios. We note however, that in certain situations they have provided a pathway to otherwise difficult to observe states such as the h c and h b [73, 74] and have played an important role in these states' discoveries [75, 76] . Another example of a higher multipole transition is χ b1,b2 (2P ) → ωΥ(1S) [77] which proceeds via three E1 gluons although it turns out that this particular example has a larger branching ratio than the 2P → 1P + ππ transition [32] .
The differential rate for E1-E1 transitions from an initial quarkonium state Φ to the final quarkonium state Φ, and a system of light hadrons, h, is given by the expression [59, 60] :
where , are the orbital angular momentum and J , J are the total angular momentum of the initial and final states respectively, s is the spin of the QQ pair, M 2 is the invariant mass squared of the light hadron system, and A k ( , ) are the reduced matrix elements. For the convenience of the reader we give the expressions for the transition rates in terms of the reduced matrix elements in Table XXV . The magnitudes of the A k ( , ) are model dependent with a large variation in their estimates. The A k ( , ) are a product of a phase space factor, overlap integrals with the intermediate hybrid wavefunction and a fitted constant. There is a large variation in the predicted reduced rates. For example, for the transition 1 3 D 1 → 1 3 S 1 + ππ, estimates for A 2 (2, 0) differ by almost three orders of magnitude [60, 63, 70, 71] . In an attempt to minimize the theoretical uncertainty we estimate the reduced matrix elements by rescaling measured transition rates by phase space factors and interquark separation expectation values. While imperfect, we hope that this approach captures the essential features of the reduced matrix elements and gives a reasonable order of magnitude estimate of the partial widths. In the softpion limit the A 1 contributions are suppressed so, as is the usual practice, we will take A 1 ( , ) = 0 [59] (see also Ref. [78] ) so that in practice only A 0 ( , ) and/or A 2 ( , ) will contribute to a given transition. The A 0 and A 2 amplitudes have phase space integrals of the form [60] :
and 
respectively where
The amplitudes for E1-E1 transitions depend quadratically on the interquark separation so the scaling law between decay rates for two bb states is given by [59] 
Because each set of transitions uses different experimental input we will give details of how we rescale the A k ( , ) sector by sector in the following subsections and give the predicted partial widths in the summary tables. 
The n 1 S 0 → n 1 S 0 + ππ partial widths are found by rescaling the measured n 3 S 1 → n 3 S 1 +ππ partial widths [32] . The n S → nS + ππ transitions are described by A 0 (0, 0) amplitudes so that Γ(n 1 S 0 → n 1 S 0 + ππ) are given by:
(9) The hadronic transition partial widths for the n 1 S 0 states are given in Tables IV-VI for n = 2, 3, 4.
We do not make predictions for the η b (5S) state as the measured hadronic transition rates for the Υ(5S) are anomalously large and inconsistent with other transitions between S-waves [79] . This has resulted in speculation that the Υ(5S) is mixed with a hybrid state leading to its anomalously large hadronic transition rates [80] , contains a sizable tetraquark component [81, 82] or is the consequence of B ( * )B( * ) rescattering [83] . See also Ref. [3, 9] . It could also be the result of a large overlap with the intermediate states. This subject needs a separate more detailed study which lies outside the present work. We also do not include hadronic transitions for the 6S states as there are no measurements of hadronic transitions originating from the 6 3 S 1 state and in any case, the total widths for the 6S states are quite large so that the BR's for hadronic transitions would be rather small.
B. n PJ → nPJ + ππ
All n P J → nP J + ππ transitions can be expressed in terms of A 0 (1, 1) and A 2 (1, 1) where we have taken A 1 (1, 1) = 0. The expressions relating the various partial widths in terms of these reduced amplitudes are summarized in Table XXV . We can obtain A 0 (1, 1) and A 2 (1, 1) a From PDG Ref. [32] . b Found by combining the PDG BR with the PDG total widths for the Υ(4 3 S 1 ) or Υ(5 3 S 1 ) [32] c Using predicted n 3 S 1 − n 1 S 0 splitting and measured n 3 S 1 mass. d 3 3 P 1 from LHCb [33] and 3 3 P 2 , 3 3 P 0 and 3 1 P 1 using predicted splittings with 3 3 P 1 measured mass. a From PDG Ref. [32] . b Using predicted n 3 S 1 − n 1 S 0 splitting and measured n 3 S 1 mass. c 3 3 P 1 from LHCb [33] and 3 3 P 2 , 3 3 P 0 and 3 1 P 1 using predicted splittings with 3 3 P 1 measured mass.
from the measured values for Γ(2 3 P 2 → 1 3 P 2 + ππ) and Γ(2 3 P 1 → 1 3 P 1 + ππ). These partial widths were obtained by first finding the total widths for the χ b2 (2P ) and χ b1 (2P ) using the measured BR's from the PDG [32] with our predicted partial widths for E1 transitions for χ b2(1) (2P ) → γΥ(2S) and χ b2(1) (2P ) → γΥ(1S). We obtain Γ(χ b2 ) = 122 ± 11 keV and Γ(χ b1 ) = 62.6 ± 4.0 keV. Combining with the measured hadronic BR's we find Γ(2 3 P 2 → 1 3 P 2 + ππ) = 0.62 ± 0.12 keV and Γ(2 3 P 1 → 1 3 P 1 + ππ) = 0.57 ± 0.09 keV leading to A 2 (1, 1) = 1.5 keV and A 0 (1, 1) = 1.335 keV. We neglected the small differences in phase space between the χ b1 and χ b2 transitions and remind the reader that model dependence has been introduced into these results by using model predictions for the radiative transition partial widths. For example, using the E1 partial width predictions from Kwong and Rosner [35] results in slightly different total widths and hadronic transition partial widths. Using these values for A 0 and A 2 with Eq. 4 we obtain the hadronic transition partial widths for 2P → 1P transi- 
Total 73 100 a From PDG Ref. [32] .
tions given in Table IX . A note of caution is that A 0 and A 2 are sensitive to small variations in the input values of the partial widths so given the experimental errors on the input values, the predictions should only be regarded as rough estimates. There are no measured BR's for 3P hadronic transitions that can be used as input for other 3P transitions. Furthermore, as pointed out by Kuang and Yan [60] , hadronic transitions are dependent on intermediate states with complicated cancellations contributing to the amplitudes so that predictions are rather model dependent. To try to take into account the structure dependence of the amplitudes we make the assumption that once phase space and scaling factors (as in Eq. 8) are factored out, the ratios of amplitudes will be approximately the same for transitions between states with the same number of nodes in the initial and final states. i.e.:
where the A 's have factored out the phase space and scaling factors in the amplitude. Thus, we will relate the 3P → 1P partial widths to measured 2P → 1P partial widths by rescaling the phase space, the bb separation factors and using the relationship between amplitudes outlined in Eq. 10. We understand that this is far from rigorous but hope that it captures the gross features of the transition and will give us an order of magnitude estimate of the transitions that can at least tell us if the transition is big or small and how significant its contribution to the total width will be. With this prescription we obtain A 0 (3P → 1P ) = 0.68 keV and A 2 (3P → 1P ) = 4.94 keV. The resulting estimates for the 3P → 1P hadronic transitions are given in Table X .
To obtain these results we used spin averaged P -wave masses for the phase space factors given all the other uncertainties in these estimates. If we don't include the r 2 rescaling factors, the partial widths increase by 45%, which is another reminder that these estimates should be regarded as educated guesses that hopefully get the order of magnitude right.
. It should be noted that BaBar used the predicted partial widths for χ bJ → γΥ(1 3 D J ) from Ref. [35] as input to obtain this value. Combining this measured BR with the remaining 1 3 D 2 partial decay widths given in Table XIV we obtain Γ(1 3 D 2 → Υ(1S) + π + π − ) = 0.169 ± 0.045 keV. For comparison, using the predictions for the 1 3 D 2 decays from Ref. [35] we obtain the hadronic width Γ = 0.186 ± 0.047 keV. Prior to the BaBar measurement, predictions for this transition varied from 0.07 keV to 
a From LHCb Ref. [33] . b Using the predicted 3P splittings with the measured 3 3 P 1 mass. Because we have no data on the 2D states we use the same strategy to estimate 2D → 1D transitions as we did in estimating the 3P → 1P transitions. We assume that rescaling an amplitude with the same number of nodes in the initial and final state wavefunctions will capture the gross features of the complicated overlap integrals with intermediate wavefunctions. We use the A 0 and A 2 amplitudes from the 2P → 1P transitions as input and rescale the amplitudes using the appropriate phase space factors and r 2 rescaling factors. This gives A 0 (2, 2) = 3.1 × 10 −2 keV and A 2 (2, 2) = 4.6 × 10 −5 keV. As a check we also estimated A 0 found by rescaling the A 0 amplitude obtained from the 2S → 1S transition where only A 0 contributes and found it to be roughly a factor of 40 smaller than the value obtained from the 2P → 1P transition. This should be kept in mind when assessing the reliability of our predictions. In any case, the partial widths obtained for the 2D → 1D hadronic transitions are sufficiently small (see Table XV ) that the large un- a From BaBar [84] . b Using predicted splittings and 1 3 D 2 mass from Ref. [84] . c See Section IV C for the details of how this was obtained.
certainties will not change our conclusions regarding the 2D states.
We take the same approach as we used to estimate some of the hadronic transition widths given above. We take a measured width, in this case the 1 3 D 2 → Υ(1S)π + π − , and rescale it using ratios of phase space factors and separation factors to estimate the 1F → 1P and 1G → 1D transitions. We obtain A 2 (1F → 1P ) = 0.027 keV and A 2 (1G → 1D) = 1.94 × 10 −3 keV. These small values are primarily due to the ratio of phase space factors which roughly go like the mass difference to the 7th power. Given that the 1D−1S, 1F −1P and 1G−1D mass splittings are ∼ 0.69, 0.46 and 0.38 MeV respectively resulting in little available phase space one can understand why the amplitudes are small. We include our estimates for these transitions in Tables XIX and XXII. While the estimates may be crude the point is that we expect these partial widths to be quite small.
VI. STRONG DECAYS
For states above the BB threshold, we calculate OZI allowed strong decay widths using the 3 P 0 quark pair creation model [12, 13, 16, 17, 85] which proceeds through the production of a lightpair (q = u, d, s) followed by separation into BB mesons. Thepair is assumed to be produced with vacuum quantum numbers (0 ++ ). There are a number of predictions for Υ strong decay widths in the literature using the 3 P 0 model [86, 87] and other models [88] , but a complete analysis of their strong decays had yet to be carried out prior to this work. We give details regarding the notation and conventions used in our 3 P 0 model calculations in Appendix A to make it more transparent for an interested reader to reproduce our results.
We use the meson masses listed in Tables I-III. If available, the measured value, M exp , is used as input for calculating the strong decay widths, rather than the predicted value, M theo . When the mass of only one meson in a multiplet has been measured, we estimate the input masses for the remaining states following the procedure described at the end of Sec. II. We use simple harmonic oscillator wave functions with the effective oscillator parameter, β, obtained by equating the rms radius of the harmonic oscillator wavefunction for the specified (n, l) quantum numbers to the rms radius of the wavefunctions calculated using the relativized quark model of Ref. [11] . The effective harmonic oscillator wavefunction parameters found in this way are listed in the final column of Tables I-III. For the constituent quark masses in our calculations of both the meson masses and of the strong decay widths, we use m b = 4.977 GeV, m s = 0.419 GeV, and m q = 0.220 GeV (q = u, d). Finally, we use "relativistic phase space" as described in Ref. [16, 85] and in Appendix A. Typical values of the parameters β and γ are found from fits to light meson decays [16, 89, 90] . The predicted widths are fairly insensitive to the precise values used for β provided γ is appropriately rescaled. However γ can vary as much as 30% and still give reasonable overall fits of light meson decay widths [89, 90] . This can result in factor of two changes to predicted widths, both smaller or larger. In our calculations of D s meson strong decay widths in [18] , we used a value of γ = 0.4, which has also been found to give a good description of strong decays of charmonium [17] . However, we found that this value underestimated the bottomonium strong decay widths when compared to the PDG values for the Υ(4S), Υ(5S) and Υ(6S) widths. Therefore, we used a value of γ = 0.6 in our strong decay width calculations in this paper, which was determined by fitting our results to the PDG values in the Υ sector. This scaling of the value of γ in different quarkonia sectors has been studied in [87] . The resulting strong decay widths are listed in Tables VI-XXIII in which we use a more concise notation where BB refers to the BB decay mode, BB * refers to BB * +BB * , etc.
We note that our results differ from the recent work of Ferretti and Santopinto [86] , in some cases quite substantially. This is primarily due to the values chosen for the harmonic oscillator parameter β (with a corresponding change in the pair creation strength γ). In our calculations we used a value for β found by fitting the rms radius of a harmonic oscillator wavefunction to the "exact" wavefunction for each state while Ferretti and Santopinto used a common value for all states. Another reason our results differ is because Ferretti and Santopinto included an additional Gaussian smearing func- tion in their momentum-space wavefunction overlap to model the non-point-like nature of the createdpair. As a numerical check of our programs we reproduced their results using their parameters and including the Gaussian smearing function, although we found that the latter had little effect on our results. We believe our approach best describes the properties of individual states but this underlines the importance of experimental input to test models and improve predictions.
VII. SEARCH STRATEGIES
An important motivation for this work is to suggest strategies to observe some of the missing bottomonium mesons. While there are similarities between searches at hadron colliders and e + e − colliders there are important differences. As a consequence we will consider the two production channels separately.
A. At the Large Hadron Collider

Production
An important ingredient needed in discussing searches for the missing bottomonium states at a hadron collider is an estimate of the production rate for the different states [8, [91] [92] [93] [94] . The production cross sections for the Υ(nS) and χ bJ states are in good agreement with predictions of non-relativistic QCD (NRQCD) also referred to as the colour octet model. However we are interested in higher excitations with both higher principle quantum number and higher orbital angular momentum for which we are not aware of any existing calculations. To estimate production rates we use the NRQCD factorization approach to rescale measured event rates. In the NRQCD factorization approach the cross section goes like [8] 
for quarkonium state H and where n denotes the colour, spin and angular momentum of the intermediate bb pair, σ n (Λ) is the perturbative short distance (parton level) cross section and O H n (Λ) is the long distance matrix element (LDME) which includes the colour octet QQ pair that evolves into quarkonium. We work with the assumption that the quarkonium state dependence resides primarily in the LDME which goes very roughly like (see
where R ( ) nL (0) is the th derivative of the wavefunction at the origin and M is the mass of the state being produced. There are numerical factors, the operator coefficients of order 1 that have only been computed for the S-and Pwave states [91] . This gives, for example, an additional factor of 3 in the numerator for P -wave states in Eq. 12. We note that at LO, NRQCD predictions are not in good agreement with experiment but at NLO the agreement is much better [8] . Some of the additional factors that contribute to the uncertainty in our crude estimates are not calculating the relative contributions of colour singlet and colour octet contributions, the neglect of higher order QCD corrections, the sensitivity of event rates to the p T cuts used in the analysis, and ignoring the dependence of detector efficiencies on photon energies.
We will base our estimates on LHCb expectations but expect similar estimates for the collider experiments AT-LAS and CMS based on the measured event rates for bottomonium production by LHCb [34] , ATLAS [95] and CMS [96] . However, there are differences between these experiments as LHCb covers the low p T region while AT-LAS and CMS extend to higher p T so that the production rates are not expected to be identical [92] , only that the general trends are expected to be similar.
To estimate production rates we start with the production rates measured by LHCb for LHC Run I and rescale them using Eq. 12. Further, it is expected that the cross sections will more than double going from 8 TeV to 14 TeV [94] and the total integrated luminosity is expected to be an order of magnitude larger for Run II compared to Run I. LHCb observed ∼ 1.07 × 10 6 Υ(1S)'s in the µ + µ − final state for the combined 7 TeV and 8 TeV runs [34] . Taking into account the Υ(1S) → µ + µ − BR, roughly 4.3 × 10 7 Υ(1S)'s were produced. Multiplying this value by the expected doubling of the production cross section going to the current 13 TeV centre-of-mass energy and the factor of 10 in integrated luminosity leads to 8.6×10
8 Υ(1S)'s as our starting point. We rescale this using Eq. 12 and use our estimates for the branching ratios for decay chains to estimate event rates. Our results can easily be rescaled to correct for the actual integrated luminosity.
We find that this crude approach agrees with the LHCb event rates for nS and nP [34] within roughly a factor of 2, in some cases too small and in other cases too large. Considering the crudeness of these estimates and the many factors listed above which were not included we consider this to be acceptable agreement. We want to emphasize before proceeding that we only expect our estimates to be reliable as order of magnitude estimates but this should be sufficient to identify the most promising channels to pursue.
In the following subsections we generally focus on bb states below BB threshold, as the BR's for decay chains originating from states above BB threshold will generally result in too few events to be observable. Likewise, the production cross sections for high L states are suppressed by large powers of masses in the denominator.
We also focus on decay chains involving radiative transitions although hadronic transitions with charged pions often have higher detection efficiencies. However, hadronic transitions are not nearly as well understood as radiative transitions so we were only able to even attempt to estimate a limited number of cases that, as discussed, we could relate to measured transitions. In addition, in many cases of interest, hadronic transitions are expected to be small. Nevertheless, as demonstrated by the study of the Υ(1 3 D J ) by the BaBar collaboration [84] and the h b (1P ) and h b (2P ) by the Belle collaboration [97] , hadronic transitions offer another means to find and study bottomonium states. We include a few examples in the tables that follow but they are by no means an exhaustive compilation and we encourage experimentalists to not neglect this decay mode.
The 3S and higher excited S-wave states
We start with the S-wave states. Our interest is that they will be produced in large quantities and their decay chains include states we are interested in such as excited P -and D-waves and will therefore add to the statistics for those states. We therefore focus on decay chains that include these states.
The 3S decay chains of interest are given in Table XXVI. The estimates for the number of events expected for LHCb are included but we also include a column with estimates for e + e − collisions expected by Belle II which we discuss in Sec. VII B. What is relevant is that numerous 1D states will be produced in this manner and when added to those produced directly and via P -wave initial states will give rise to significant statistics in 2γ + µ + µ − final states. In addition, it might be possible to observe the η b (3S) in a γµ + µ − final state from the η b (3S) → Υ(1S) M1 transition.
The 4 3 S 1 state can decay to 3P states which can subsequently decay to 2D or 1D states, as shown in Table XXVII. The 4 3 S 1 is above the BB threshold so has a much larger total width than the lower mass S-waves leading to a much smaller BR for radiative transitions. Decay chains to F -waves involve too many transitions making them difficult to reconstruct so we do not include them in our tables. We also include decay chains which might be of interest for e + e − studies but would result in insufficient statistics to be relevant to hadron collider studies. We do not include the 4 1 S 0 state as the decay chains have too small combined BR to be observed.
For the 5 3 S 1 , the BR's to the 4 3 P J states are O(10 −4 ) and the BR's of the 4 3 P J are < ∼ 10 −4 so this product BR is quite small. When we include BR's to interesting states such as the 3 3 D J states the product BR's are likely to be far too small to be observable. The BR's to the 3 3 P J states are comparable to the 4S → 3P transitions, O(10 −5 ) so it might be possible to see 3P states starting from the 5 3 S 1 . It is not likely that the 2D and 1D states can be observed in decay chains originating from the 5 3 S 1 . We arrive at similar conclusions for the 6 3 S 1 and conclude that the only possible states that might be observed are the 3 3 P J states.
The 2P states
The 2P states are of course well known. We include them as they can decay to the 1D states and hence contribute to the 1D event rates which was the discovery channel for the 1 3 D 2 state [98] (see also Ref. [99] ). We only include event chains relevant to these final states which we list in Table XXVIII . In an attempt to reduce the theoretical uncertainties in the 2P → 1D BR's, rather than using the predictions for total widths and BR's in Table IX we estimate the χ bJ (2P ) total widths using the PDG values [32] for the BR's for the 2P → 2S + γ and 2P → 1S + γ transitions together with our predictions for these partial widths as was described in Section VB. The values for Γ(2 3 P 2 ) and Γ(2 3 P 1 ) were given there. Similarly we find Γ(2 3 P 0 ) = 247 ± 93 keV. Combining these total widths with the partial widths for 2P → 1D transitions given in Table IX, Γ(2 3 P 2 → 1 3 D 3,2,1 ) = 1.5, 0.3 and 0.03 keV respectively, we obtain the corresponding BR's of 1.2%, 0.2% and 0.02%. Likewise Γ(2 3 P 1 → 1 3 D 2,1 ) = 1.2 and 0.5 keV give the corresponding BR's 1.9% and 0.80%, and Γ(2 3 P 0 → 1 3 D 1 ) = 1.0 keV has BR = 0.4%. There is uncertainty in these estimates as can be seen by comparing the PDG values [32] we used in our estimates to recent BaBar measurements [100] and by comparing our predictions for the partial widths to those of Kwong and Rosner [35] . Nevertheless these estimates are sufficient for estimating the 2P → 1D + γ BR's and the resulting event rates for the purposes of identifying promising channels. The important point is that in all cases, significant numbers of bottomonium D-waves will be produced from P -wave production and decay which will improve the statistics from those that are produced directly.
The 3P states
The observation of the χ b (3P ) by the ATLAS collaboration [1] through its radiative transitions to Υ(1S) and Υ(2S) with Υ(1S, 2S) → µ + µ − was the first new particle discovered at the LHC. This decay chain represents a clean experimental signature with the two final state muons a clean signal to trigger on. The χ b (3P ) was confirmed by the D0 collaboration [101] and by the LHCb collaboration [33, 34] . Further, LHCb identified the state as the χ b1 (3P ) with mass 10515.7
2 [33] . Using the approach outlined above we calculate for Run I ∼ 243 events for the decay chain χ(3P ) → Υ(1S) → µ + µ − , ∼ 371 for the Υ(2S) decay chain, and ∼ 1030 for the Υ(3S) decay chain compared to the observed numbers of events of 329±59, 121±31 and 182±23 respectively [34] . The agreement is reasonable for the Υ(1S) chain but becomes decreasingly so for the Υ(2S) and Υ(3S) chains. We assume this is due to decreasing photon detection efficiency as the photon energy goes down. Overall the agreement is not unreasonable considering the approximations used to obtain these values and our neglect of detector efficiencies and helps the reader judge the general reliability of our predictions for event rates.
In Table XXIX we summarize the event rates expected for the most promising decay chains. The χ b0 (3P ) state is much broader and decays predominantly to light hadrons via gluon intermediate states with a small BR to γΥ(1S) (∼ 10 −4 ) so it would be quite challenging to observe although it might be possible to observe via hadronic transitions to the 1 3 P 2 state which subsequently undergoes a radiative transition to the 1 3 S 1 state. For both the χ b2 (3P ) and χ b1 (3P ) the decay chains to Υ(nS) → µ + µ − where n = 1, 2, 3 give rise to the largest event rates and are the simplest to reconstruct so it is not surprising that these were the discovery channels. Run II should provide sufficient statistics to separately fit the χ b2 (3P ) and χ b1 (3P ) using these decay chains. Other decay chains are potentially interesting as they involve the undiscovered 2
3 F 4 and 1 3 F 3 bb states. However they generally have multiple photons in the final state making it difficult to reconstruct the initial particle. In addition, some of the photons in the decay chains are relatively low energy so could have low detection efficiencies. The one exception is 3
This final state is relatively clean but has a low combined BR. As we noted, we would not be surprised if our production rates are off by an order of magnitude so we do not rule out the possibility that the 2 3 D 1 could be observed in this process.
We do not include decay chains for the h b (3P ) state, with two exceptions, as we believe it would be very difficult to reconstruct in a hadronic environment for the following reasons. It decays predominantly to hadronic final states (∼ 70% of the time) which would be difficult to identify in hadron collisions. The next largest BR's are to the η b (3S), η b (2S) and η b (1S). All of these decay almost 100% of the time to hadronic final states. The η b (3S) and η b (2S) have small BR's to h b (nP ) and very small BR's to Υ(1S). While there are several hundred h b 's produced they would be difficult to see and the combined BR to Υ(1S) → µ + µ − is too small to produce sufficient numbers to observe. We include the decay chain h b (3P ) → η b (1S)γ → gg as it might be possible to reconstruct the h b (3P ) using the one final state photon and possibly simple η b hadronic final states and likewise the decay chain h b (3P ) → h b (1P ) + ππ → η b (1S)γ → gg for the same reasons.
The 4P and 5P states
The 4P and 5P states are above BB threshold and have total widths of the order of tens of MeV so that BR's for radiative transitions are relatively small, O(10 −4 ). However they undergo radiative transitions to Υ(nS) states which decay to µ + µ − offering a clean final state to study. Our estimates for the expected number of events from these decay chains are given in Table XXX . While the number of expected events is small it is possible that our estimates are off by an order of magnitude. Also, our estimates are based on using LHCb event numbers and ATLAS and CMS with their different capabilities might be able to observe more events. Thus, for completeness we include estimates for both the 4P and 5P states. The most important message is that the higher energy and luminosity of LHC Run II could potentially observe some of the 4P and 5P states which would be an important test of models and Lattice QCD results.
The 1D states
The production rate for the D-waves is significantly lower than that of P -waves. This is a consequence of the LDMEs going like |R (l) (0)| 2 /M 2l+2 so the production cross section is significantly suppressed by the mass factor in the denominator. The mass factor is simply a consequence of the dimensionality of the lth derivative of the wavefunction and will increasingly suppress the cross sections going to higher l multiplets.
Nevertheless, it is expected that the 1D states can be produced in sufficient quantity to be observed. There are three sources of the D states; direct production and from decay chains originating with the 3 3 S 1 and 2 3 P J states. The decay chains and estimated number of events from direct production are given in Table XXXI . We estimate that direct production of the D-waves will yield ∼ 100 Υ 3 (1D), ∼ 150 Υ 2 (1D) and ∼ 50 Υ 1 (1D) events. This is roughly comparable to the number of 3P events observed by LHCb. There are two differences. The 3P events were comprised of one photon and a µ + µ − pair while the 1D events are generally comprised of two photons and a µ + µ − pair making them more difficult to reconstruct. On the other hand, we can estimate the photon energies fairly accurately because the Υ 2 (1D) mass has been measured. An exception is the Υ 1 (1D) which can decay directly to a µ + µ − final state. Unfortunately the BR appears to be too small to produce a sufficient number of events to find this state in this channel. On the other hand, as we have pointed out a number of times, our estimates can easily be off by an order of magnitude. In addition to direct production the 1D states will also be produced via transitions originating with 3 3 S 1 and 2 3 P J . In fact, cascades originating from the 3 3 S 1 contribute the largest number of events to the 2γµ + µ − signal with roughly another 20% originating from 2 3 P J production. Specifically we expect ∼ 2700 events in 1
Other decay chains will contribute to 1 3 D J production but they will have different photon energies so we only give estimates for the decay chains with the largest statistics.
We have also included the decay chains 1
gg despite yielding few events as they offer a signal complementary to those involving photons.
Finally, we mention that the η b2 will decay predominantly via η b2 (1D) → γh b → γγη b (1S) with the η b (1S) decaying to hadrons. We do not see how the η b2 (1D) can be reconstructed given the hadronic final state but perhaps experimentalists will come up with a clever approach that we have not considered.
The 2D and higher D-wave states
For the 2D states in Table XXXII , we focus on the simplest decay chains with 2 photons and a µ + µ − pair in the final state which are most likely to be reconstructed. To estimate the number of expected events, we include contributions to the γγµ + µ − final state from direct production and from decay chains originating from 3 3 P J production. There are a number of possible decay chains but the ones with the largest expected statistics are ∼ 125 events for 2
In all cases more events are expected from 3 3 P J production than from direct 2D production.
For the 3D and 4D states we expect that each member of both multiplets will have of the order of 10 4 produced. However the predicted widths are O(100 MeV) so the BR's for radiative transitions will be small. Thus, we only expect that they can be observed in BB, BB * or B * B * final states if they can be reconstructed with high enough efficiencies and separated from backgrounds.
The nF states
The production rate decreases quite dramatically for states with larger L as a consequence of our estimates which use Eq. 12 where the NR approximation of the cross section goes like the lth derivative of the wavefunction at the origin with the corresponding mass in the denominator needed for dimensional reasons. We only expect that ∼ 200 for each of the 1F states will be produced. Once the BR's for the decay chains are included we expect that only 1 or less events will result. Considering experimental challenges in making these measurements we do not expect that the 1F states will be observed from direct production. Nevertheless, we include the dominant decay chains in Table XXXIII for  completeness. We do expect a small number of 1F states; ∼ 28 1 3 F 4 's, ∼ 44 1 3 F 3 's and ∼ 2 1 3 F 2 , to be produced via radiative transitions originating with 3 3 P J and 2 3 D J states. Since there are 3 γ's in the final state it is unlikely that the 1F states will be observed in hadron production.
We expect the 2F and 3F multiplets to be even more challenging to observe using radiative transition decay chains primarily because they are above BB threshold and are therefore broader, ranging from 2.8 MeV for the 2 3 F 4 state to 88.6 MeV for the 2 3 F 2 state. These states are very close to BB and BB * threshold and therefore are very sensitive to available phase space. If our mass predictions are too high it is possible that the total widths could be significantly smaller leading to significantly larger BR's to the decay chains we have been focusing on. Nevertheless, given our expectations for the 1F states we do not feel it is likely that they would be discovered using radiative transitions. If the B and B * mesons can be observed with high efficiencies the excited F -wave states might be observed in BB and BB * final states.
The 3F multiplets are sufficiently above BB and BB * threshold that they are much broader. The only possibility that they might be observed would be in BB, BB * or B * B * final states.
The nG states
Even more so than the F -waves, the G-wave production cross sections are highly suppressed so we expect only O(1) meson will be produced for each of the states in the G-wave multiplets in Run II which is far too small a number to have any hope of being seen.
The question we wish to address in this section is whether previously unobserved states can be observed in e + e − collisions and outline how to do so. We will focus on 1 −− states, the n 3 S 1 and n 3 D 1 states, since only 1
states can be produced directly in e + e − collisions. To estimate the number of events requires a detailed Monte Carlo study that includes beam spread and initial state radiation which is beyond the scope of this work. Instead we will use cross sections derived from Belle and BaBar events along with integrated luminosities suggested for Belle II.
We start with the Υ(3S) where we use the cross section of 4 nb based on Belle and BaBar measurements [102] . An integrated luminosity of 250 fb −1 would yield 10 9 Υ(3S)'s, about a factor of 7 1/2 times the combined Belle-BaBar dataset. We give estimates of number of events in Table XXVI based on this but the numbers can be easily rescaled for other integrated luminosities. We expect that O(10 3 ) 1 3 D J 's will be produced via radiative transitions for each J value, which should be sufficient to identify each of the 1 3 D J states and measure and compare their masses to theoretical predictions.
The expectations are to accumulate several ab −1 of integrated luminosity at the Υ(4S). The cross section of ∼ 1 nb would yield several billion Υ(4S)'s depending on the eventual integrated luminosity. We estimate the number of events given in Table XXVII assuming  that 10 10 Υ(4S)'s will be produced based on 10 ab
of integrated luminosity but these numbers can easily be rescaled assuming different values of integrated luminosities. We expect sufficient events in the chains that proceed via the 3 3 P 2 and 3 3 P 1 so that these states should be observed in radiative decays of the Υ(4S). We don't expect that the 3 3 P 0 will be observed in this manner. Another interesting possibility for studying the 3P states via radiative transitions from the Υ(4S) utilizes hadronic transitions from the Υ(3S) and Υ(2S) to Υ(2S) or Υ(1S) in the decay chain. This is experimentally very clean and would yield some tens of events for 3 3 P 2 and 3 3 P 1 intermediate states but only O(1) event for the 3 3 P 0 . This might be sufficient to resolve some of the J states. It would have been interesting to be able to observe the 2D states in radiative transitions originating with the Υ(4S) but this does not appear to be likely. Of all the 2 3 D J states the decay chain proceeding via the 2 3 D 1 state will have the largest statistics although not sufficient to be observed considering the 4 photons in the decay chain.
It is unlikely that sitting on the Υ(5S) or Υ(6S) would produce enough bottomonium states via radiative transitions to be seen. This stems from the Υ(5S) and Υ(6S) having large total widths which leads to small BR's to e + e − and subsequently smaller production cross sections than the lower mass 3 S 1 states. This also results in small BR's for photon decays. For the Υ(5S) the Belle collaboration measures its e + e − production cross section to be 0.3 nb [102] . The radiative transition with the largest BR is to 4 3 P 2 with BR = 1.6 × 10 −4 yielding ∼ 5 × 10 3 4 3 P 2 's per 100 fb −1 . From Table XXX the combined BR  for representative 4 3 P 2 decay chains are O(10 −6 ) so it is unlikely that bb states could be seen in decays originating from the Υ(5S) in e + e − collisions. We repeat the exercise for the Υ(6S). We assume an e + e − production cross section similar to that of the Υ(5S) although in fact it should be smaller due to its smaller BR to e + e − . For the Υ(6S) the largest BR is expected to be to the 3 3 P J states, O(10 −5 ). However, in this case the combined BR's for some interesting 3P decay chains are O(10 −4 ). Putting this together we expect ∼ 0.5 event/100 fb −1 via the 3 3 P 2 intermediate state. While still below an event rate needed to study these states it does offer some hope given the uncertainties in our assumption for the production cross section and with higher statistics. Observation of the n 3 D 1 states in e + e − collisions is interesting, even more so if they can be produced in sufficient numbers to see previously unobserved excited bottomonium states in their decays. Unfortunately the production cross section is proportional to the BR to e + e − which is roughly three orders of magnitude lower than for the S-wave states. The small number of signal events will also make it challenging to see the n 3 D 1 states over backgrounds. Given these caveats we make a rough estimate of the number of n 3 D 1 produced by multiplying the ratio of nD/2S BR's to e + e − times the 2 3 S 1 cross section to obtain the n 3 D 1 production cross section. 
VIII. SUMMARY
In this paper we calculated the properties of bottomonium mesons including masses, radiative transitions, annihilation decays, hadronic transitions and strong OZI allowed decays for states above threshold. These results were included in extensive tables with estimated BR's to different final states. While we are interested in how these predictions fare against experimental measurements as a test of our understanding in the context of the constituent quark model, the main objective of this work is to make predictions that can assist experimentalists in finding missing bottomonium states and measuring their properties.
We estimated the number of events expected in Run II of the LHC in the context of the LHCb experiment but they should also be relevant to the ATLAS and CMS experiments. We expect that significant numbers of χ b2 (3P ) and χ b1 (3P ) will be produced and decay via radiative transitions to the Υ(1S) and Υ(2S) which will subsequently decay to µ + µ − . Likewise we expect a large number of χ b2 (4P ) and χ b1 (4P )'s to decay to Υ(3S). Thus, a promising search strategy for excited P -wave mesons is to reconstruct Υ's in µ + µ − and look at the invariant mass distributions of the Υ's with one γ. We also expect that η b (3S) can be seen in this final state.
Turning to the D-waves, the 1 3 D 3 and 1 3 D 2 will undergo radiative transitions to the 1 3 P 2 and 1 3 P 1 respectively so they might be seen in final states with γγµ + µ − . Similarly, the 2D states will decay to 2 3 P 2,1 which decay to 2 3 S 1 . Thus, it might be possible to see most of the 1D and 2D spin triplet multiplets in the γγµ + µ − final state. A challenge is that the photon energy for 2 3 D 3 → 2 3 P 2 is almost identical to that from the 2 3 D 1 → 2 3 P 1 transition so that one would need to be careful in looking at the invariant mass distributions of the final state.
For e + e − collisions, large numbers of 1 3 D J states will be produced by sitting on the Υ(3S) so it might be possible to resolve the three states and determine the split-tings between members of the multiplets. Sitting on the Υ(4S) will produce 3 3 P 2,1 in radiative transitions. It should be possible to observe the 1 3 D 1 and 2 3 D 1 by an energy scan at the appropriate energy. Sitting on the 2 3 D 1 resonance it might be possible to observe the 1 3 F 2 via radiative transitions from the 2 3 D 1 . The LHC experiments and Belle II hold the promise to increase our knowledge of bottomonium mesons. This improved knowledge will test the reliability of models of quarkonium physics. Lattice QCD is making ever more precise calculations of bottomonium mesons and it is important that these calculations be held to account by experiment. We expect that the phenomenological predictions presented in this paper will be a useful tool for experimentalists to do so. The 3 P 0 quark pair creation model [12, 13, 16, 17, 85 ] is used to calculate OZI allowed strong bottomonium decays. Given that details of the calculations such as phase conventions are important and not always clearly stated in the literature we summarize the details of the 3 P 0 model to assist an interested reader in reproducing our results.
In the 3 P 0 quark pair creation model [12, 13, 16, 17, 85] , apair is created from the vacuum in a 3 P 0 state (the quantum numbers of the vacuum). The angular momentum and spin of the createdpair are therefore L P = 1, S P = 1, and J P = 0, so that M L P = −M S P ≡ m. The transition operator forpair creation can be written as
where b † q ( p q ) and d † q ( pq) are the creation operators for the quark and antiquark, respectively. The momenta of the created quark, p q , and the created antiquark, pq, are integrated over all possible values, such that the delta function ensures that their total momentum is zero in their centre-of-mass frame. The spin triplet state of the createdpair is described by its spin wavefunction χ 1−m and the momentum-space distribution of the created pair is described by the solid harmonic, written in terms of the spherical harmonic as
The SU (3) flavour singlet wavefunction of the created pair is
(uū+dd+ss) and its colour singlet wavefunction is ω 0 . The overall factor of 3 in Eq. A1 will cancel out when evaluating the colour overlap. The factor of √ 96π arises from the normalization and field theory conventions of Refs. [17, 85, 87] . The amplitude for quark-pair creation from the vacuum can therefore be described by a single free parameter, γ. Any differences in the constant factors that appear in Eq. A1 simply result in a rescaling of the value of γ. For example, the value of γ used in Refs. [16, 89] is larger than ours by a factor of √ 96π due to the absence of this factor in their T operator.
The S-matrix for the meson strong decay A → BC is defined as
where, using the normalization from Refs. [17, 85, 87] , the helicity amplitude is given by where the sum is over The momentum space integral for the first diagram is given by
where m 1 , m 2 and m 3 = m 4 are the constituent quark masses and we have taken P ≡ P B = − P C in the centreof-mass frame of A. To evaluate the spatial integral for the second diagram, we simply interchange B ↔ C, which amounts to making the replacement m 1 ↔ m 2 and P → − P in Eq. A5, leading to the second term of Eq. A4. The techniques found in Appendix A of [103] were useful in simplifying and evaluating the spatial integrals. For the meson space wavefunctions, we use the momentumspace simple harmonic oscillator (SHO) wavefunctions, given by
where the radial wavefunctions are given by
and L 
The flavour overlaps for each of the two terms in Eq. A4 are therefore given by
The spin matrix elements for the first and second diagrams are written in terms of the Wigner 9j symbols [104] as
where the spin matrix element for the second diagram was obtained using an alternative definition for the 9j symbols that couple the quarks differently [104] . This expression, given in Eq. A13, was used to simplify Eq. A4.
Using the Jacob-Wick formula [105, 106] , the helicity amplitudes M M J A M J B M J C , given by Eq. A4, are con-verted to partial wave amplitudes M LS via
where S = J B + J C and J A = L + S such that
and the outgoing momentum of meson B, P ≡ Pẑ, is chosen to lie along theẑ-axis in the centre-of-mass frame of meson A so that the helicities and angular momentum projections are related by
This on-shell momentum is conveniently written in terms of the masses of mesons A, B and C as
(A17) Using relativistic phase space, as described in Ref. [16, 85] , the partial width for a given partial wave amplitude is given by
where E B = M 2 B + P 2 , E C = M 2 C + P 2 , and S is a symmetry factor given by
Finally, the strong decay width for a given decay mode of meson A is just the sum of its partial widths:
The calculations of the strong decay widths, as outlined in this section, were performed using the Mathematica software package, version 7.0 [107] . −→ 2 3 S1γ (309.2)
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